Abstract. The prolongation of a transformation group to jet bundles forms the geometric foundation underlying Lie's theory of symmetry groups of di erential equations, the theory of di erential invariants, and the Cartan theory of moving frames. Recent developments in the moving frame theory have necessitated a detailed understanding of the geometry of prolonged transformation groups. This paper begins with a basic review of moving frames, and then focuses on the study of both regular and singular prolonged group orbits. Highlights include a corrected version of the basic stabilization theorem, a discussion of \totally singular points", and geometric and algebraic characterizations of totally singular submanifolds, which are those that admit no moving frame. In addition to applications to the method of moving frames, the paper includes a generalized Wronskian lemma for vector-valued functions, and methods for the solution to Lie determinant equations.
Introduction.
Given a nite-dimensional Lie transformation group acting on a manifold, there is an induced action on the associated jet bundles, known as the prolonged group action. This action forms the foundation of the Lie theory of symmetry groups of di erential equations, 30, 36] . Di erential invariants appear as invariants of the prolonged group action, 25, 19, 31] . Furthermore, the range of applicability of the Cartan method of moving frames, 8, 9, 16, 20] , as reformulated and extended in 12, 13] , is intimately tied to the geometry of the prolonged group action on jet spaces. A wide variety of additional applications, including symmetries of variational problems, equivariant bifurcation problems, 15 ], conservation laws and invariant di erential forms, group-invariant solutions, etc., all rely on this basic construction; see 30, 31] , for details. The present paper is devoted to a detailed investigation into the geometry of the prolonged group action, with particular emphasis on the orbit structure, and how it relates to the group-theoretic geometry of submanifolds.
Since the dimensions of the prolonged group orbits increases with order, the maximal prolonged orbit dimension eventually stabilizes. The singular orbits are those of less than this maximal dimension. In the case of scalar ordinary di erential equations, the singular variety determined by all the singular orbits can be characterized by the vanishing of the classical Lie determinant, 26, 31] , and its generalizations. A point in the original manifold is called \totally singular" if every jet ber sitting over it consists entirely of singular orbits. The existence of totally singular points has, apparently, not been noted in the literature before. In fact, we demonstrate that an analytic transformation group cannot have totally singular points, although there are elementary examples of smooth actions which allow such singularities. The basic stabilization theorem, 36, 31] , states that a group that acts \locally e ectively on subsets", as de ned below, will act locally freely on an open subset of jet spaces of su ciently high order. Previous versions of the theorem omitted the phrase \on subsets", and hence do not apply at totally singular points. As an application, we establish a generalization of the classical Wronskian lemma that characterizes linearly dependent functions.
These results have immediate applications to Cartan's moving frame approach to the geometry, equivalence, and symmetry of submanifolds. A submanifold is called regular of order n if its n-jet lies in the regular subset of jet space where the prolonged group orbits are of maximal dimension. The newly developed method of \moving coframes", 12, 13] ,
shows that an n th order moving frame can be constructed if and only if the submanifold is regular at order n. Most submanifolds are regular at some su ciently high order, and hence admit a moving frame. The exceptions are the \totally singular" submanifolds, whose n-jet (at a point) lies in the singular subset for all n. Totally singular submanifolds are the solutions to the classical Lie determinant equation, which is the simplest invariant di erential equation associated with the given transformation group. A simple example is provided by the action of the special a ne group that governs the equi-a ne geometry of curves in the plane, 19] . In this case, any straight line is a totally singular submanifold at all its points, while smooth curves which have in nite order contact with a straight line are totally singular at the point of contact. Any other curve will admit (at least locally) an equi-a ne moving frame at some order, 13] , even though the classical equi-a ne Frenet frame has order 3 and only applies to curves without in ection points, 19, 12] .
The nal part of the paper is devoted to the explicit characterization, both geometrical and algebraic, of totally singular submanifolds. In the analytic category, we prove that a submanifold is totally singular if and only if its isotropy subgroup does not act locally freely on it. A similar result holds for smooth submanifolds provided every point thereon is totally singular. Finally, we analyze the most important case, which is a transitive group action on a homogeneous space M = G=H. Here, the totally singular submanifolds are characterized algebraically, being related to the existence of \self H{normalizing subgroups". This leads to a direct, algebraic construction of the solutions to the Lie determinant equation. Our results are all illustrated by a number of explicit examples of independent interest. Theorem 2.3. A moving frame exists in a neighborhood of a point z 2 M if and only if G acts freely and regularly near z.
Recall that a group is said to act freely if the isotropy subgroup of any individual point z 0 2 M is trivial: G z 0 = feg. The group acts regularly if all its orbits have the same dimension and, moreover, each point z 0 has a system of neighborhoods such that each orbit intersects in a pathwise connected subset, cf. 30]. If G acts freely, then its orbits automatically all have the same dimension, namely the dimension r of G itself. The regularity condition is only to avoid such pathologies as the irrational ow on the torus, where the orbits return arbitrarily close to themselves. In general, the group orbits all have dimension equal to r if and only if the action is locally free, which means that G z 0 is a discrete subgroup of G for each z 0 2 M. Locally free group actions admit locally equivariant moving frames. Of course, most interesting group actions, including all the geometrical examples mentioned above, are not (locally) free. For example, the Euclidean group E(2) does not act freely on R 2 since any rotation xes its center. The problem is, of course, that the space does not have a large enough dimension to admit r-dimensional orbits, which is required for freeness. Thus, a group can only act freely on a manifold whose dimension is at least that of G. Although such actions are not free, they are usually e ective, which means that the only group element which xes every point of M is the identity, and so the global isotropy subgroup is trivial: G M = feg. Non-e ective actions can always be made e ective by the following simple device: The global isotropy subgroup G M forms a normal subgroup of G. Moreover, the quotient group G=G M does act e ectively on M in essentially the same manner as G does, cf. 31]. Speci cally, if g 2 G has image e g 2 G=G M then one unambiguously de nes e g z = g z for z 2 M. For example, the projective action x 7 ! ( x + )=( x + ) of GL(2; R) on RP 1 is not e ective since the multiples of the identity 1 1 act trivially. The e ectively acting quotient group PSL(2; R) = GL(2; R)=f 1 1g is known as the projective linear group.
There are three important methods for converting a non-free, but e ective action into a free action. The rst is to consider the Cartesian product action of G on several copies of the manifold, M n = M M, whereby g (z 1 ; : : :; z n ) = (g z 1 ; : : :; g z n ):
(2:1) For n su ciently large, the resulting action will, typically, become free on a suitable open subset of M n . For example, the action of the planar Euclidean group SE(2) on M = R 2 becomes free on the o -diagonal part fz 1 6 = z 2 g M M of the second Cartesian product, because the only planar Euclidean motion that xes two distinct points is the identity.
Invariants of such a Cartesian product action are known as joint invariants; 12, 34] discuss applications of moving frames to the classi cation of joint invariants, which has important consequences in computer vision, 6].
A second method is to prolong the group action to the jet spaces J n = J n (M; p) de ned by p-dimensional submanifolds N M under the equivalence relation of n th order contact; see the following section and 31] for details. Jet space is the natural setting for Lie's theory of symmetry groups of di erential equations, cf. 30, 31] , and for Cartan's theory of moving frames in geometry, 8, 20, 13] . Since group transformations preserve contact, there is a naturally induced prolonged group action on J n . The basic stabilization theorem of Ovsiannikov states that, for n su ciently large, the prolonged action is locally free on an open subset of J n , and hence a locally equivariant moving frame can be constructed thereon. However, traditional statements of this result, 36, 31] , are not quite correct, and we shall return to this question in Section 6.
Finally, a new, hybrid construction that combines the joint invariants and di erential invariants in a common framework, called \multi-space", has been recently proposed, 35 ].
This framework is based on the classical nite di erence calculus from numerical analysis, 27] , and treats the jets of submanifolds as limits of discrete collections of points, thereby \blowing-up" the diagonal of the Cartesian product space to produce a jet space of the appropriate order. Indeed, the simplest example of the multi-space construction is the algebro-geometric blow-up, replacing a pair of coincident points by a tangent direction, 17]. Application of the moving frame construction in multi-space produces invariant numerical approximations to di erential invariants, 6], of importance in the theory of geometric integration of di erential equations, 5, 11] . Also the theory of joint di erential invariants, also known as semi-di erential invariants in computer vision, 28], can be included in this general construction. The details are still under development.
In this paper, we shall only examine the second scenario, where the group acts on the jet bundle by prolongation. The construction of a moving frame relies on the fact that, for n su ciently large, the group acts freely and regularly on the jet space J n . In general this is not entirely correct, and so a detailed analysis of the geometry of the prolonged transformation group is required.
The explicit construction of moving frames relies on the method of \normalization", which lies at the heart of the Cartan approach to moving frames and equivalence problems, 8, 10, 19, 31] ; an early version can be found in Killing, 22] . The key observation, 12, 13] , is that normalization amounts to the choice of a cross-section to the group orbits.
De nition 2.4. Let G act regularly on the m-dimensional manifold M with sdimensional orbits. A (local) cross-section is an (m ?s) -dimensional submanifold K M such that K intersects each orbit transversally, at most once.
The most important are the coordinate cross-sections K = fz 1 = c 1 ; : : :; z s = c s g; (2:2) obtained by equating s of the coordinates (which, by relabeling if necessary, can be taken to be the rst s coordinates) to constants. Of course, any cross-section can be (locally) converted into a coordinate cross-section by a suitable choice of local coordinates. The elements k 2 K of the cross-section can be viewed as \canonical forms" for general points z 2 M, and their coordinates provide the invariant moduli for the group action. Since K has dimension m ? s, precisely m ? s of these invariant functions will be functionally independent and therefore provide us with a generating system of invariants. In the case of a coordinate cross-section (2.2), the rst s coordinates of k = (c 1 ; : : :; c s ; z s+1 ; : : :; z m ) will be constant, and are hence trivial invariants, while the latter m ? s coordinates will provide the fundamental system of invariants, as we now describe. Theorem 2.5. Let G act freely, regularly on M, and let K be a cross-section to the group orbits. Given z 2 M, let k 2 O z \ K be the unique cross-section element lying in the orbit through z, and let g = (z) be the unique group element such that g k = z.
Then : M ! G is a left moving frame for the group action.
Indeed, every moving frame has this form | the cross-section is just the inverse image of the identity: K = ?1 feg. Therefore, to determine the moving frame associated with a chosen cross-section, one merely solves the normalization equations g ?1 z = k 2 K for g = (z):
For example, if we choose the coordinate cross-section (2.2), and write out the group transformations in coordinates as w(g; z) = g ?1 z, then the moving frame is obtained by solving the implicit equations w 1 (g; x) = c 1 ; : : : w r (g; x) = c r ;
(2:4) for the group parameters g in terms of the coordinates x. Moreover, the fundamental invariants are found by substituting the resulting moving frame formula into the remaining, unnormalized components of w(g; z). Theorem 2.6. Given a free, regular Lie group action and coordinate cross-section as described above, let g = (x) denote the solution to the normalization equations (2.4).
Then the functions I 1 (x) = w r+1 ( (x); x); : : : I m?r (x) = w m ( (x); x); (2:5) obtained by substituting the moving frame formulae into the remaining m ?r components of w form a complete system of functionally independent invariants for the action of G.
3. Jet Bundles and Prolongation.
Before presenting examples of moving frames, it will help to review the basics of jet bundles and prolonged group actions. This will help prepare us for the more detailed investigations into their geometry and singularities. Given a manifold M, we let J n = J n (M; p) denote the n th order (extended) jet bundle consisting of equivalence classes of regular (embedded) p-dimensional submanifolds S M under the equivalence relation of n th order contact, cf. 30; Chapter 3] . In particular, J 0 = M. The n th jet space J n is a ber bundle n 0 : J n ! M of total dimension q (n) = p + q p + n n = dim J n (M; p); (3:1) whose bers are generalized Grassmann manifolds, cf. 29]. We let j n S J n denote the n-jet of the submanifold S, which forms a p-dimensional submanifold of J n . Sometimes, it is convenient to work with the in nite jet bundle J 1 = J 1 (M; p), which is de ned as the inverse limit of the nite order jet bundles under the standard projections k n : J k ! J n , k > n, with j 1 S denoting the corresponding in nite jet of S. An analytic submanifold is uniquely determined by its in nite jet at a point in the same manner that an analytic function is uniquely determined by its Taylor series at a point. We introduce local coordinates z = (x; u) on M, considering the rst p components x = (x 1 ; : : :; x p ) as independent variables, and the latter q = m?p components u = (u 1 ; : : :; u q ) as dependent variables. Splitting the coordinates into independent and dependent variables has the e ect of locally identifying M with an open subset of a bundle E = X U ' R p R q .
Sections u = f(x) of E correspond to p-dimensional submanifolds S that are transverse to the vertical bers U c = fcg U E. The induced local coordinates on the jet bundle J n are denoted by z (n) = (x; u (n) ), with components u J representing the partial derivatives of the dependent variables with respect to the independent variables up to order n. Here J = (j 1 ; : : : ; j k ), where 1 j p, will denote a symmetric multi-index of order k = #J. The (x; u (n) ) de ne local coordinates on the open, dense subbundle J n E J n (M; p) determined by the jets of transverse submanifolds, or, equivalently, local sections S = fu = f(x)g of E. Let j n f(x) denote the corresponding n-jet of f at x, which can be identi ed with the n th order Taylor polynomial of f at x. In the limit, we let z (1) = (x; u (1) ) denote the corresponding coordinates on J 1 E J 1 (M; p), consisting of independent variables x i , dependent variables u , and their derivatives u J , = 1; : : :; q, of arbitrary order #J 0.
Any transformation group G acting on M preserves the order of contact between submanifolds. Therefore, there is an induced action of G on the n th order jet bundle J n = J n (M; p) known as the n th prolongation of G, and denoted by G (n) . Note that if G acts globally on M, then its prolonged action G (n) is also a global transformation group on J n , but, generally only a local transformation group on the coordinate subbundles J n E since G may not preserve transversality.
Remark 
The basic moving frame construction for a free prolonged group action proceeds as in Theorem 2.6. Solving the normalization equations for r = dim G components of the prolonged transformation formulae w (n) (g (n) ; z (n) ) = (g (n) ) ?1 z (n) results in a moving frame on the n th order jet space. In classical situations, the resulting equivariant map : J n ! G can be identi ed with the standard geometric moving frame. We will illustrate the basic procedure with two well-studied examples. 13] , states that all the higher order di erential invariants are obtained by di erentiating the fundamental di erential invariants | in this case the curvature | with respect to to the invariant one-forms | in this case arc length ds. The fact that the normalized higher order invariants (3.7) do not in general agree with the di erentiated invariants is of critical important in understanding the syzygies (functional relationships) among the di erential invariants. A general algorithm for determining the \correction terms" | for example, the ?3 3 in the second formula in (3.7) | was found in 13, 14] , and applied to provide a complete solution to the syzygy problem for di erential invariants.
The Euclidean group is atypical in that its rst prolongation acts freely everywhere on the jet spaces J n , n 1. More typically, the prolonged actions are free (if at all) only on a dense open subset of the jet space. A more representative example follows. Since the group has dimension 5, we need to prolong to J 3 at least to have any chance of the prolonged action being free, and the rst di erential invariant should appear on J 4 . 
The action is free on the open subset V 4 = fu xx 6 = 0g J 4 , and hence a local moving frame can be constructed. Thus we recover the classical result, that a curve u = f(x) admits an equi-a ne moving frame of order we obtain the classical third order equi-a ne moving frame : J 3 ! SA (2), given by The equi-a ne arc length ds = 3 p u xx dx (3:14) is obtained, as above, by normalizing dy = ( + u x ) dx. As in the Euclidean case, all higher order di erential invariants are obtained by di erentiation of the curvature with respect to the arc length.
The classical restriction of the moving frame method to equi-a ne curves without in ection points can, in fact, be circumvented by using to a higher order prolongation.
Indeed, the fth order prolongation of (3.9) acts freely on V 5 = fu xx u xxx 6 = 0g J 5 , and hence a fth order equi-a ne moving frame can, in principle, be constructed for any curve u = f(x) without a second order in ection point, i.e., provided either f 00 (x) or f 000 (x) 6 = 0. (Unfortunately, the actual normalizations require the solution of a fth degree polynomial equation, and hence the explicit formulae for a fth order moving frame are not available.) More generally, SA(2) acts freely on the regular subset V n = J n nS n , n 3, where S n = fu xx = u xxx = = u k = 0g; k = 1 + n 2 ; (3:15) is the singular subset, and we abbreviate the k th order derivative of u with respect to x by u k = (D x ) k u. Therefore, every curve admits a (local) equi-a ne moving frame of some su ciently high order unless it has an in ection point of in nite order: f (n) (x) = 0, n = 2; 3; 4; : : :. Curves that do not admit moving frames will be called totally singular, and their geometric characterization forms the focus of the nal part of this paper. In particular, the only analytic totally singular curves under the equi-a ne group are the straight lines u = mx + l.
Once the moving frame has been constructed and the corresponding di erential invariants classi ed, a complete solution to the equivalence problem | when can two submanifolds be mapped to each other by a group transformation | is e ected by considering the signature manifold which is parametrized by the fundamental di erential invariants. In the case of Euclidean or equi-a ne curves, the signature curve is parametrized by the rst two di erential invariants, ( ; s ). Two curves are equivalent if and only if their signature curves are identical. We refer the reader to 13] for details, including a variety of higher dimensional cases. Applications to classical invariant theory and the equivalence and symmetry properties of binary forms are discussed in 33, 4] . Applications to computer vision and the recognition of objects in images can be found in 6]. Applications to the design of invariant numerical algorithms will appear in 35].
Stabilization and Orbit Dimensions.
The theoretical foundations of the moving frame method outlined in the preceding section motivate a more detailed discussion of the geometry of the higher order prolongations of a transformation group. The key questions that need to be addressed are: (i) Does the prolonged group action become free and regular, at least on an open subset of J n at su ciently high order n 0? As the equi-a ne example makes clear, one cannot expect the action to ever become free everywhere on J n .
(ii) How does one characterize the singular subset S n J n where the action is not free?
(iii) How does one characterize the totally singular submanifolds, meaning those whose n-jets have nonempty intersection with the singular subset S n for all n?
Since these questions rely on the structure of the prolonged group orbits, the rst order of business is to understand their dimensions. In particular, the \generic" orbits | those of maximal dimension | have a distinguished status.
De nition 4.1. Given G acting on M, let s n denote the maximal orbit dimension of the prolonged action G (n) on J n . The stable orbit dimension of G is de ned to be s = max s n . The stabilization order of G is the minimal n such that s n = s.
Remark: Since the prolonged orbits map onto each other by the standard jet projections n k : J n ! J k , k < n, the orbit dimensions are clearly nondecreasing: s 0 s 1 : : : s n?1 < s n = s n+1 = = s; where n is the stabilization order. The group is said to pseudostabilize if s k = s k+1 < s for some k < n. In 31; Theorem 5.37], it was proved that a group can admit at most one pseudostabilization; in other words, if s k = s k+1 and s n = s n+1 for some k < n, then s n = s, and hence the group stabilizes at order n (or less). As a consequence, we immediately deduce a bound on the stabilization order. The orbits of G are the vertical lines f(x; u + s '(x)) j s 2 R g. Moreover, the prolonged orbit dimensions of the group (4.2) only increase by one at each order: s k = k + 1 for k = 0; : : :; r ? 1. Consequently, the stabilization order for (4.2) is n = r ? 1. De nition 4.4. The regular subset V n J n is the open subset consisting of all prolonged group orbits of dimension equal to the stable orbit dimension. A point z (n) 2 J n will be called a regular jet provided z (n) 2 V n . The remainder constitutes the singular subset S n = J n n V n , which is the union of orbits of less than maximal dimension.
Note that, by this de nition, V n = ? and S n = J n if n is less than the stabilization order of G, so that only jets of su ciently high order can be regular. If G acts analytically, then V n is a dense open subset of J n for n greater than or equal to the stabilization order. 5. In nitesimal Generators.
Lie's great discovery was that local geometry of a continuous, connected transformation group is entirely determined by its in nitesimal action. The space of in nitesimal generators of a transformation group G forms a Lie algebra of vector elds on the manifold M, which, assuming G acts locally e ectively, can be identi ed with its Lie algebra g. In terms of local coordinates (x; u) on M, the in nitesimal generators have the form
' (x; u) @ @u : As a consequence of this result, the coe cients of ' J of (5.3) can be explicitly computed via the standard prolongation formula ' J (x; u (k) ) = D J Q (x; u (1) Remark: The only other vector elds on J 1 which satisfy (5.9) are the constant coe cient independent variable vector elds P c j @ x j . Thus, the commutation property (5.9) almost completely characterizes evolutionary vector elds.
Let us now introduce a basis v 1 ; : : :; v r for the in nitesimal generators g of our transformation group.
De nition 5.6. The Lie matrix of order n is de ned as the r q (n) matrix L n (x; u (n) ) = 0 B @ where 0 #J n. The entries of (5.11) consist of the independent variable coe cients, the characteristics, and their total derivatives up to order n.
Proposition 5.7. The dimension of the orbit of G (n) through the point z (n) 2 J n is the common Lie matrix rank rank L n (z (n) ) = rank M n (z (n+1) ):
(5:12) Here z (n+1) is any point with n+1 n (z (n+1) ) = z (n) , since the rank of M n is independent of the derivative coordinates u K of order #K = n + 1.
Proof : The dimension of the orbit through z (n) 2 J n is equal to the dimension of the subspace spanned by the prolonged in nitesimal generators, i.e., g (n) j z (n) J n j z (n) , and hence equals the rank of the Lie matrix L n (z (n) ). Furthermore, the prolongation formula (5.8) implies that M n (z (n+1) ) can be obtained from L n (z (n) ) by adding suitable multiples of the rst p columns to the other columns. Since column operations do not alter the rank of a matrix, the proof is complete.
Q.E.D. We can characterize the singular subset by the in nitesimal condition
(5:13)
Thus, the regular and singular subsets of J n are determined by the common rank of Lie matrices (5.10), (5.11).
Corollary 5.8. The stable orbit dimension of G is given by s = max n rank L n (z (n) ) z (n) 2 J n ; n 0 o :
Consequently, a point z (n) 2 S n is singular if and only if rank L n (z (n) ) = rank M n (z (n+1) ) < s; where n+1 n (z (n+1) ) = z (n) : (5:14) In the particular case of planar curves, p = q = 1, the Lie matrix L r?2 (x; u (r?2) ) of order n = r ? 2 = (dim G) ? 2 is square, and its determinant L(x; u (r?2) ) = det L r?2 (x; u (r?2) ) The Lie determinant is L(x; u (3) ) = 9u 3 xx , whose vanishing describes the singular subset S 3 . The veri cation that S n for n 3 is given by (3.15) is immediate from the form of the Lie matrix. The general connection between the Lie determinant and the higher order singular subvarieties will be discussed below.
6. Singularities and E ectiveness.
We are now ready to discuss the detailed geometry of the singular subsets of the jet spaces corresponding to a given transformation group G. The regular subset V n J n is nonempty and open provided n is greater than or equal to the stabilization order of G. In the analytic category, V n is dense in J n . However, at any given point z 2 M, this does not necessarily imply that the jet ber J n j z contains any regular jets. De nition 6.1. A point z 2 M is totally singular if J n j z S n for all n. A point which is not totally singular will be called totally regular. Consequently, the singular subset has two components, S n = fu = 0g fu x = u xx = = u n = 0g J n ;
and every point on the x axis is totally singular. Such pathologies cannot occur in the analytic category. is homogeneous of degree 1. Any analytic vector eld can thus be written as a convergent power series whose n th term is a homogeneous polynomial vector eld of degree n at the point z 0 = 0. Lemma 6.6. Let v be a polynomial vector eld of degree n. Then pr (n) vj z (n) = 0 for all z (n) 2 J n j z 0 if and only if v = p n?1 (z) s is a multiple of the scaling vector eld (6.2) where the coe cient p n?1 (z) is a scalar-valued homogeneous polynomial of degree n ? 1.
Proof : Unfortunately, at present the only proof I know is a straightforward, but tedious computation, based on the local coordinate formulae (5.3), (5.8) for the prolongations. For brevity, I shall omit the details.
Q.E.D.
Lemma 6.7. Let v be a smooth vector eld on M. Suppose pr (n) vj z (n) = 0 for all z (n) 2 J n j z 0 . Then v = p n?1 (z) s + v n+1 , where p n?1 (z) is a scalar-valued homogeneous polynomial of degree n ? 1 and v n+1 is a vector eld of degree n + 1.
Proof : We use Taylor's theorem to write v = w n + v n+1 , where w n is a polynomial vector eld of degree n, and the remainder v n+1 has degree n+1. The lemma then follows immediately from Lemmas 6.5 and 6.6.
A simple induction on the order n now demonstrates that the only analytic vector eld that vanishes on all jet spaces at the point z 0 is the trivial one. Lemma 6.8. Let v be an analytic vector eld on M. Suppose pr (n) vj z (n) = 0 for all z (n) 2 J n j z 0 and all y n > 0. Then v 0. Theorem 6.4 now follows immediately from this nal lemma.
Ovsiannikov's stabilization theorem 36], 31; Theorem 5.11], completely characterizes the stable orbit dimension. The usual statement of this result contains the hypothesis that the group acts locally e ectively, and the conclusion is that the stable orbit dimension equals the dimension of G. However, this is not quite justi ed, as the following example makes clear.
y With a little more work, this condition can be relaxed to just require n > n 0 for some n 0 .
Example 6.9. Consider the two-parameter abelian transformation group G ' R 2 acting on M = R 2 via (x; u) 7 ! (x; u + a h 0 (x) + b h 0 (?x)), where (a; b) 2 G, (x; u) 2 M. The C 1 function h 0 is de ned in (4.3). The only group transformation which xes every point (x; u) is the identity a = b = 0, and so G acts e ectively on M. However, it is not hard to see that the stable orbit dimension is s = 1, which is strictly less than the dimension of G. Note also that the u-axis consists entirely of totally singular points.
The problem with this example is that G acts e ectively on M, but does not act e ectively on either the right half plane fx > 0g or left half plane fx < 0g. In other words, at least in the smooth category, a group may act e ectively on a manifold, but not e ectively on certain open submanifolds, and this would cause the traditional statement of the stabilization theorem to be invalid. In order to state a correct smooth version of the theorem, we need a slight re nement of the notion of e ectiveness. there exists a regular jet z (n) 0 2 J n j z 0 , which requires that dim g (n) j z (n) = s for all z (n) in a neighborhood of z (n) 0 . We can therefore choose a basis v 1 ; : : :; v r of the Lie algebra g such that the corresponding rst s prolonged in nitesimal generators pr (n) v 1 ; : : :; pr (n) v s form a basis for g (n) j z (n) at each z (n) 2 (6:4) for the same uniquely determined di erential functions (z (n) ). Indeed, if we apply d m n to (6.4), both sides will project to their counterparts in (6.3), and hence, by uniqueness, the coe cients must be the same. We now apply the evolutionary projection ev to (6.4) , to obtain Q.E.D. An immediate consequence of this result is that, assuming local e ectiveness, the set of totally regular points is dense and open in M. Of course, in the analytic category, Theorem 6.4 implies that every point is totally regular, and so this result is only of interest in more pathological smooth cases. Another immediate consequence of the stabilization Theorem 6.12 is the local freeness of the prolonged action on the regular subset of jet space. Theorem 6.14. If G acts locally e ectively on subsets, then G acts locally freely on the regular subset V n J n . Therefore, in such cases, the singular subset is given by S n = n z (n) 2 J n dim g (n) j z (n) < r o = n z (n) 2 J n rank L n (z (n) ) < r o : (6:6) Corollary 6.15. If G acts analytically and locally e ectively on subsets, then an n th order moving frame exists in a neighborhood of a point z (n) 2 J n if and only if z (n) 2 V n is a regular jet. In particular, the group admits locally equivariant moving frames of any order greater than or equal to the stabilization order.
It would be nice to know a nonlocal counterpart of Theorem 6.14: if G acts e ectively on subsets, then G (n) acts freely on (a dense open subset of) V n provided n is su ciently large. This is particularly important for our moving frame constructions, since the theorem only guarantees a locally equivariant moving frame. However, it seems highly unlikely, particularly in the analytic category, that an e ectively acting group acts only locally freely on a dense open subset of V n for all n. One approach to proving such a result would be to nd a direct, \non-in nitesimal" proof of the stabilization Theorem 6.12. The following interesting example, due to J. Pohjanpelto, 37], shows that smooth actions can admit regular jets, of arbitrarily high order, where the prolonged group action is not free. It is not clear whether such pathology can occur in the analytic category.
Example 6.16. Let M = R S 1 with coordinates (x; u), where 0 u < 2 . The one-parameter group (x; u) 7 ?! (x; u + " 1 + h 1 (x) mod 2 ); " 2 R; where h 1 is given in (6.1) acts e ectively on subsets. The orbits are the one-dimensional vertical circles, and G = R acts locally freely on M, and freely on M n U 0 , where U 0 = fx = 0g denotes the circle through the origin. Therefore, every point in J n = V n is regular. However, the action is only locally free on J n j U 0 for any n 0. Indeed, since all the derivatives of h 1 (x) vanish at the origin the prolonged action on J n j U 0 reduces to (0; u; u x ; : : :; u n ) 7 ?! (0; u + " mod 2 ; u x ; : : :; u n ); and so the isotropy subgroup for any z (n) = (0; u; u x ; : : :; u n ) 2 J n j U 0 is the discrete subgroup 2 Z R consisting of integral multiples of 2 . Note particularly that although G (n) acts freely on a dense open subset of J n , the set of points where the prolonged action is not free contains the entire jet ber over the subvariety U 0 .
An important application of Theorem 6.12 is the following \Wronskian lemma", generalizing the classical result on the linear dependence of functions with vanishing Wronskian determinant. Applications to the problem of characterizing di erential operators, both The Lie matrix L n (z (n) ) of this group consists of p initial columns of zeros, since the group acts trivially on the independent variables, followed by the Wronskian matrix W n (x) of the functions h . Therefore, the prolonged orbit dimension s n equals the maximal rank of W n (x). It is not hard to see that G acts locally e ectively on subsets if and only if the functions h are linearly independent on subsets. Therefore, Theorem 6.12 implies that, on any open subset Y X, we have r = max rank W n (x) for x 2 Y and any n greater than or equal to the stabilization order of the transformation group (6.9). Moreover, it is not hard to prove that the group (6.9) does not pseudostabilize, and hence Theorem 4.2 implies that the stabilization order is at most r ? 1.
For example, in the case p = q = 1, so that h 1 ( Since the group (6.9) does not pseudostabilize, its stabilization order is the minimal n for which max rank W n (x) = max rank W n+1 (x) = s. Thus s = r if and only if the functions are linearly independent on subsets. In the smooth category, they may be linearly independent even when s < r. In the analytic category, s equals the dimension of the vector space spanned by h 1 ; : : :; h r . Suppose that h 1 (x); : : :h r (x) are linearly independent on subsets. By de nition, a totally singular point is a point x 2 X such that rank W n (x) < r for all n 0; the remaining points are called totally regular. Theorem 6.19 states that the set of totally regular points is open, dense in X. Moreover, if the functions are analytic, then linear independence implies linear independence on subsets, and, moreover, every point is totally regular. At a totally regular point x 2 X, we have, by de nition, rank W n (x) = r for n su ciently large (and not necessarily r), which, by continuity, also holds in a neighborhood of x. However, even in the analytic category, it may be impossible to nd a nite value of n for which rank W n (x) = r for all x 2 X. For example, let h 1 (x) be an analytic function which has a zero of order k at x = a k , for k = 1; 2; 3; : : : , where a k ! 1 as k ! 1; such a function can be constructed using a Weierstrass product expansion, cf. 3; p. 194] . Then rank W n h 1 ](a k ) = 0 for n < k, while rank W n h 1 ](x) = 1 for n k and x in any neighborhood of a k that does not contain a k+1 ; a k+2 ; : : : .
7. Singular Submanifolds.
We now turn to the study of singular submanifolds. From now on we make the blanket assumption that G is an r-dimensional Lie group that acts locally e ectively on subsets of M. Theorem 6.12 implies that its stable orbit dimension equals its dimension, s = r = dim G. The regular subset V n J n consists of all orbits whose dimension is the same as the dimension of G.
De nition 7.1. A submanifold S M is order n regular if j n S V n . A submanifold S is called regular if it is regular at some nite order n. A submanifold S M is totally singular at a point z 2 S if j n Sj z S n for all n = 0; 1; : : : A totally singular submanifold is one all of whose points are totally singular.
In other words, if S is an order n regular submanifold, then G (n) acts locally freely in a neighborhood of j n S V n . Note that if S is order n regular, then it is also order m regular for any m n. The set of regular points on a submanifold forms an open submanifold S 0 S, which is a dense subset if G acts analytically and S is an analytic submanifold. The regular submanifolds of order n are precisely those that admit (locally equivariant) moving frames of that order. Vice versa, a totally singular submanifold admits no moving frame of any order. The goal of this section is to provide a direct, geometrical characterization of totally singular submanifolds. The rst easy result demonstrates that non-freeness of the isotropy subgroup of a submanifold at a point implies singularity. Proposition 7.2. Let S be a submanifold, and G S G its isotropy subgroup. If S is regular at z 2 S, then G S acts locally freely on S at z.
Proof : Assume that G S does not act locally freely at a point z 2 S. This implies that there exists a non-trivial in nitesimal generator 0 6 = v 2 g S that vanishes at z, so vj z = 0. Therefore, exp(tv)z = z and exp(tv)S S. Together, these imply that, for every n, the n-jet z (n) = j n Sj z is a xed point for the prolonged one-parameter group, so exp(tv) (n) z (n) = z (n) . But this implies pr (n) vj z (n) = 0, and so z (n) 2 S n for all n, proving that S is totally singular at z. The singular subset occurs where all but one of the derivatives u x ; u xx ; u xxx ; : : : vanish. Therefore, any straight line u = ax + b is totally singular at every point thereon. Furthermore, the polynomial curves u = a(x ? x 0 ) n + u 0 , for n 2, are totally singular at the point (x 0 ; u 0 ). Also, by reversing the roles of x and u, the curves x = (u ? u 0 ) n + x 0 are also totally singular at (x 0 ; u 0 ). Thus, each point z 0 2 R 2 has an interesting collection of totally singular analytic curves passing through it.
Theorem 7.5. Suppose G acts analytically. An analytic submanifold S is regular at a point z 0 2 S if and only if its isotropy subgroup G S acts locally freely on S at z 0 .
Proof : Assume that S is totally singular at a point z 0 2 S. This assumption means that we can nd a nontrivial in nitesimal generator 0 6 = v 2 g such that pr (n) Q.E.D.
As we saw, in the smooth category, freeness of the isotropy subgroup action on S is not enough to prevent isolated totally singular points from occurring. The next result shows that if all the points on S are totally singular, then the isotropy subgroup must act non-freely, even in the smooth category. The method of proof di ers from that of the analytic Theorem 7.5, and is based on the proof of the stabilization Theorem 6.12.
Theorem 7.6. Let G act smoothly and locally e ectively on subsets of M. A submanifold S M is totally singular if and only if its isotropy subgroup G S does not act locally freely on S.
Proof : Assume that G S does act locally freely. Let t n = max n dim g (n) j z (n) z (n) 2 j n S o : Clearly, t 0 t 1 . Thus t m = t = max t n for all m su ciently large. Since j n S S n for all n, we have t < r. Let n be the minimal order at which t n = t. Let Projecting the higher order linear dependencies (7.2) on J n implies that the coe cients = (z (n) ) are functions of the n th order jet z (n) 2 j n R only.
The remainder of the proof is almost identical to that of Theorem 6.12. We can introduce local coordinates (x; u) on M such that R is (locally) the the graph of a section u = f(x). Applying the evolutionary projection ev to (7. Here the totally singular curves are the parabolas and the straight lines. The isotropy group of a parabola, say u = x 2 , is the two-dimensional non-abelian subgroup (x; u) 7 ! ( x + ; 2 u + 2 x + 2 ): Remark: In both of the special and full a ne groups, if an analytic curve contains one totally singular point, then it is totally singular at all points. However, the scaling group in Example 7.4 does not enjoy this property. This is related to the factorizability of the Lie determinant associated with the group, although I do not know a general geometrical characterization of this phenomenon.
In the planar case, the Lie determinant can be used to completely characterize the totally singular curves. This theorem also serves to explain why the higher order singular subsets are usually obtained by total di erentiation (or prolongation) of the Lie determinant equation. On the other hand, since G is a symmetry group of the Lie determinant equation, it maps solutions to solutions. By uniqueness of solutions to ordinary di erential equations, exp tv also xes the entire solution u = f(x), and hence G does not act locally freely on the curve. Proposition 7.2 completes the proof.
The same proof will extend to curves in higher dimensional spaces, or more general submanifolds, provided we have a uniqueness theorem for the solutions to the di erential equation de ned by the singular subset S n for some n. This would follow if we knew the di erential system S n J n was of nite type for n su ciently large; see 18] . This seems a reasonable conjecture, although I do not know any results along these lines. The following example shows that there are some subtleties involved in trying to formulate a general theorem. The di erential system S 1 is underdetermined, and so solutions to its initial value problem are not unique. However, S 2 is a normal system of ordinary di erential equations, and hence, applying the proof of Theorem 7.8, we conclude that the totally singular curves are the solutions to the system u xx = 0, v = 0, which implies that u = ax + b, v = 0. Interestingly, since dim J 1 > dim G, the rst order Lie matrix already has more columns than rows, and one might have guessed, in analogy with the scalar case, that it would govern the totally singular curves. This example indicates that the nite type conjecture is a bit more subtle than might be initially expected.
Homogeneous Spaces.
In the case G acts transitively on M, then we can locally y identify M with the homogeneous space M ' G=H. Here H = G z 0 is the isotropy subgroup of the base point z 0 = (e), which is the image of the identity group element under the natural projection : G ! G=H. In this nal section, we conduct a more detailed investigation into the totally singular submanifolds S G=H. We shall relate them to the existence of certain Lie subgroups of the transformation group G.
y Recall that G might only be a local transformation group.
Note that we can always move any submanifold S M by a group transformation without a ecting its intrinsic geometric properties. By transitivity, then, we can assume that, without loss of generality, the submanifold passes through the base point z 0 = (e). We rst analyze the easier case when the totally singular submanifold has an isotropy subgroup that acts transitively on it.
De nition 8.1. A submanifold S M is transitively totally singular if its isotropy subgroup G S acts transitively and non-freely on S.
Remark: In the formulation of this de nition, we are excluding those smooth submanifolds which contain a totally singular point, but, nevertheless, have freely acting isotropy subgroups. Theorem 7.5 shows that such pathology does not occur in the analytic category.
If K = G S is the isotropy subgroup of a submanifold S G=H passing through z 0 = (e), and K acts transitively on S, then we can identify S = (K). Conversely, if S = (K) for some subgroup K, then K acts transitively on S, and hence is a subgroup of the full isotropy subgroup of S. We require a general characterization of the full isotropy subgroup, which relies on the following purely group-theoretic constructions.
Recall Example 8.4. Consider the action of the planar a ne group A(2) discussed in Example 7.7, which we identify with the homogeneous space : A(2) ! A(2)=GL(2) ' R 2 corresponding to the linear subgroup GL(2) A(2). Consider the two-dimensional subgroup K given by the horizontal transformations (x; u) 7 ! ( x + ; u). Let us compute its GL(2){normalizer using the symmetry criterion (8.2). We identify a ne group elements which requires that its (2; 3) entry vanishes, and hence = 0. Therefore, the GL(2){ normalizer of K is the subgroup (x; u) 7 ! ( x + u + a; u), which forms the full fourdimensional isotropy subgroup of the x axis, which is the image S = (K).
On the other hand, the subgroup e K given in (7.4) is self H{normalizing. (2) belongs to N GL(2) ( e K) provided the product g e k belongs to e K GL(2), which requires that its (2; 3) entry equals the square of its (1; 3) entry:
( + 2 + a) 2 = + 2 + a 2 :
Clearly this holds if and only if = 0, = 2 , = 2 a, and hence g 2 e K already. This recon rms that the isotropy subgroup of the parabola ( e K) = fu = x 2 g equals e K = G P .
Theorem 8.5. There is a one-to-one correspondence y between transitively totally singular p-dimensional submanifolds S G=H passing through z 0 = (e) and connected k-dimensional self H{normalizing Lie subgroups K G such that the intersection K \ H has dimension t = k ? p 1.
Remark: In view of Theorem 7.8, these constructions provide a purely algebraic approach to the solution of the Lie determinant di erential equation. Vice-versa, the Lie determinant equation provides a di erential equation approach to the algebraic problem of determining the H{normalizers of subgroups K G.
Proof : Given such a subgroup K, let S = (K). It is not hard to prove that S is, in a neighborhood of z 0 , a smooth submanifold of the correct dimension; see also Lemma 8.6 below. Moreover, K is clearly contained in the isotropy subgroup of S, and acts non-freely since it has a nontrivial intersection with H. According to Lemma 8.3, K is the entire isotropy subgroup of S. Conversely, given a transitively totally singular submanifold S, passing through z 0 , we let K = G S denote its isotropy subgroup. Transitivity implies that S = (K). Moreover, any k 2 K \ H satis es k z 0 = z 0 , and hence K will act freely on S at z 0 if and only if K \ H = feg.
Q.E.D. The intransitive case is a little harder. We begin with a lemma that characterizes those submanifolds of G which project to smooth submanifolds of the homogeneous space G=H. Let L g (h) = g h and R g (h) = h g denote the right and left multiplication maps on G. We let h g denote the Lie subalgebra for the subgroup H. In other words, the kernel of d equals the subspace of TGj g spanned by the left-invariant vector elds corresponding to elements of the subalgebra h. Therefore, is the H{normalizer of the subgroup K \ H. Finally, the group elements in K = G S that x z 0 are those belonging to K \H, and hence the requirement that the isotropy subgroup does not act locally freely necessitates that the dimension (8.5) be at least 1. We have therefore proved the following characterization of general totally singular submanifolds.
Theorem 8.7. Every submanifold S G=H which is totally singular at a point z = (g) 2 S has the form S = g S 0 , where z = g z 0 , and we can locally identify S 0 = (K A), where K G is a k-dimensional subgroup of G, with t = dim K \ H 1, and A N H (K \H) is an l-dimensional submanifold. The dimension of S is p = k + l ?t, and K G S is a non-freely acting subgroup of its isotropy group. The group acts on M = R 2 = G=H according to (x; u) 7 ! ( x + a; 2 u + b); the isotropy subgroup is H = G 0 = f( ; 0; 0)g. The straight line L = fu = 0g is totally singular. We can realize L = (K), where the isotropy subgroup G L = K = f( ; a; 0)g acts transitively on C and has one-dimensional intersection with H, con rming Theorem 8.5 in this case.
Similarly, the parabola P = fu = x 2 g has the scaling subgroup H as its isotropy subgroup, G P = H, which is not transitive, and only the origin is a totally singular point. Indeed, P = (H A), where the curve A = f(1; a; a 2 )g G is transverse to H, recon rming Theorem 8.7.
